In this paper, a lattice Boltzmann equation ( 
I. INTRODUCTION
Multiphase fluid flows are ubiquitous in engineering problems and natural processes.
Generally, a phase interface can be described by sharp interface approach [1] [2] [3] or diffuse interface approach [4] [5] [6] [7] [8] [9] [10] [11] . In the sharp interface approach, the fluid is separated into some sub-domains by sharp interfaces in which each sub-domain contains only one phase, and the fluid properties such as density and viscosity are discontinuous across the interfaces. On the contrary, in diffuse interface approach, the fluid is treated continuously in the whole domain and the fluid properties vary smoothly across interfaces. An attractive feature of the diffuse interface method is it can model the complex interfacial dynamics without explicitly tracking the interfaces, and this feature makes it an ideal basis for developing efficient numerical schemes.
In the diffuse interface approach, usually a phase-field variable (or order parameter) is used to distinguish different phases. The variable takes two distinct constant values in the bulk regions of the two phases, respectively, and changes smoothly across the interface.
Based on the phase-field variable and its gradient, the free-energy of the system can be modelled, from which one can obtain a transport equation for the order parameter. The dynamic change of the phase interface can then be described by this equation coupled with the governing equations of the flow. In most of previous works on immiscible binary mixtures of incompressible fluids, the flow is usually assumed to be governed by the incompressible Navier-Stokes equations including the interfacial force. However, as pointed out in [8] , the assumption that the mixture is incompressible in the whole region is inconsistent with the conservation of mass as the densities of the fluids are unequal. To remedy this physical problem, a quasi-incompressible phase-field model, which assumes the mixture is incompressible in bulk regions but compressible in the mixing layer, has been proposed [7] .
A number of numerical schemes have been developed based on phase-field models including spectral methods [4, 12, 13] , finite element methods [14] [15] [16] and LBE methods [9] [10] [11] .
Among these methods, the LBE method has received particular attentions due to some distinctive features [19] . The first phase-field LBE model was proposed by He et al. [9] which adopts an order parameter to track the interface of two incompressible fluids. However, there exist some differences between the derived governing equations and the phase-field theory for incompressible two-phase flows [23, 26] , and numerical instability can be produced for systems with a large density ratio. Later some improved LBE models based on phase-field theory have been developed from different viewpoints. For instance, in order to improve numerical stability, Lee and Lin [11] designed a three-stage discretization multiphase lattice Boltzmann (LB) scheme by discretizing the gradient terms in different manners before and after the steaming step. Later, Fakhari et al. [21] further generalized the model [11] by employing a multi-relaxation-time collision operator. Zheng [10] and Zu [23] respectively proposed the modified LBE models in order to recover the correct Cahn-Hilliard (CH) equation. However, the extra terms in the both models will produce a large error in the interface capturing and the computation will become unstable as the dimensionless relaxation time equals to 1 [23] . To overcome these problems, Liang et al. [24] proposed a new LBE model by introducing a time-dependent source term in the evolution equation. Recently, Zheng et al. [25] presented an alternative model based on the kinetic theory to solve the problem.
Although those LBE models [10, 23, 25] could recover the CH equation exactly, the recovered momentum equations are still inconsistent with the target momentum equations for the incompressible flows. Li et al. [26] noted this problem and proposed a correction method by introducing an artificial interfacial force.
All of the above LBE models were developed based on the incompressible phase-field models that do not conserve mass locally as the two fluids have different densities. In this work we aim to develop a LBE model based on the quasi-incompressible phase-field theory for two-phase flows, which can ensure the exact mass conservation. The rest of this paper is organized as follows. In Sec. 2, the quasi-incompressible phase field model is briefly reviewed, and a LBE model based on this theory is constructed in Sec. 3. In Sec. 4, some numerical simulations are carried out to validate the proposed model, and some comparisons with a recent incompressible LBE model are also made. A brief summary is presented in section 5.
II. QUASI-INCOMPRESSIBLE PHASE-FIELD MODEL
In the phase field theory for a two-phase system, the thermodynamic behavior can be described by a free energy function with respect to an order parameter φ
where φ is used to distinguish different phases, ψ(φ) is the bulk free-energy density, κ is the coefficient of surface tension, and Ω is the control volume.
For binary fluids, a double-well form of free-energy density [5, 28] can be used
where φ A and φ B are the equilibrium values of the order parameters for fluids A and B, respectively, β is a constant related to the interfacial thickness W [5, 28, 29] and the surface tension σ [29, 30] ,
and
With the bulk free energy, the chemical potential µ [5, 28, 29] can be obtained
and the order-parameter profile across the equilibrium interface can be obtained by solving
where ζ is the coordinate normal to the interface. The evolution of the order parameter can be described by the Cahn-Hilliard (CH) equation [5, 28, 31, 32] 
where λ is the mobility coefficient and u is the fluid velocity.
In the incompressible phase-field model, the fluid is assumed to be incompressible everywhere, and the flow can be described by the incompressible Navier-Stokes equations with an interfacial force [6, 33] ,
where ρ A and ρ B are the densities of fluids A and B, respectively. From Eqs. (8), (10) and (11), we can obtain ∂ρ ∂t
where
It is obvious that the mass conservation is constrained by the dρ/dφ and ∇ · [λ∇µ]. In generally, ∇ · [λ∇µ] is nonzero in the interfacial region. Hence, as long as ρ A = ρ B , the mass is not locally conserved in the incompressible phase-field model.
In the quasi-incompressible phase field model [27] , the governing equations are expressed
where p is the hydrodynamic pressure, ν is the kinematic viscosity, F is the total force including the surface tension force F s (= −φ∇µ) and other body forces F b , ρ r is the density ratio ρ A /ρ B . From Eqs. (12), (15) and (16), one can obtain that
which means that the mass is conserved locally in the qusi-incompressible model. Furthermore, equation (16) suggests that the fluid is compressible in the mixing zone. To investigate the effect of compressibility, we substitute Eq. (16) into Eq. (14) to get,
On the other hand, from Eqs. (8) and (10) we can obtain
From Eqs. (19) and (20), we can see that the discrepancy between the two models is related to the term γφ∇ · (λ∇µ), which depends on the density ratio and the spatial distribution of the chemical potential. If the chemical potential is uniformly distributed, the additional term plays weak role in the results, otherwise the discrepancy between the two models is tremendous. Eq. (19) can be also expressed in dimensionless formulation as
where P e = U c L c /λβ is the Peclet number and Cn = W/L c is the Cahn number with the characteristic length L c and velocity U c . This suggests that the distinctions between the two models are also related to the magnitudes of P e and Cn. In the numerical simulations, we will investigate the difference between the two models by changing the dimensionless parameters P e, Cn and γ.
III. THE QUASI-INCOMPRESSIBLE LBE MODEL
In this section, we will propose the LBE model based on the quasi-incompressible phasefield equations [27] . The model consists of two LBEs, one for the CH equation, and one for the Navier-Stokes equations,
where f i (x, t) and g i (x, t) are the distribution functions for the hydrodynamics and order parameter fields, respectively, c i is the discrete velocity in the ith direction, δt is the time step, τ f and τ g are dimensionless relaxation times related to the shear viscosity and mobility, respectively, F i and G i are the distribution functions for the force term, and G i is used for eliminating the extra term in the CH equation [34] . The local equilibrium distribution functions f eq i (x, t) and g eq i (x, t) are respectively defined as
with
where ω i is the weighting coefficient, D is the spatial dimension and c s is the sound speed for an ideal fluid, and α is an adjustable parameter for a given mobility.
In Eqs. (22) and (23), the source terms F i and G i are respectively given by
The macroscopic quantities, φ, u and p, are computed evaluated as
The kinetic viscosity ν and the mobility λ are respectively given by
Through the Chapman-Enskog analysis (see the Appendix for details), we can obtain the following macroscopic hydrodynamics equations
In the limit of low Mach number (Ma = |u|/c s ), the dynamic pressure is assumed to be p ∼ O(Ma 2 ), and the above set of equations reduce to quasi-incompressible model given by
Eqs. (14) to (16) .
In the present work, we consider two-dimensional cases, and the two-dimensional ninevelocity (D2Q9) LBE model is used without loss of generality, in which c 0 = (0, 0), simplicity, we set the lattice space and time increment as the length and time units, i.e., δx = δt = 1. In the computations, the gradient operators are discretized with the isotropic central scheme [35] .
IV. NUMERICAL SIMULATIONS
In this section, we will validate the accuracy of the proposed quasi-incompressible LBM, and compare it with a recent LBE model based on the incompressible phase-field theory given in [24] by a series of numerical simulations.
A. One-dimensional flat interface
We firstly validate the proposed LBE model by a flat interface test. Initially, the central region (25 ≤ y ≤ 75) is filled with fluid A and the rest is occupied by fluid B. The order parameter and density profiles are respectively set to be at equilibrium, i.e.,
tanh y 1 , y ≤ 50
tanh y 2 , y > 50
tanh y 2 , y > 50 
where (x c , y c ) is the center of the droplet. Different values of P e and Cn are respectively investigated. The other parameters are fixed as
φ B = 0 and σ = 0.001. When the droplet reaches the equilibrium state, the pressure difference ∆P between the inside and outside droplet should satisfy the Laplace law, i.e., ∆P = σ/R, where P is calculated by P = p 0 − κφ∇ 2 φ + κ|∇φ| 2 /2 + p with the equation of state p 0 = φ∂ φ ψ − ψ [23, 25] . Therefore, the surface tension can be calculated by σ LBM = R∆P , and the numerical predictions and theoretical values of the surface tension are shown in Table I . It can be seen that the present quasi-incompressible LBE model satisfies the Laplace law. The distributions of the order parameter predicted by the both LBE models are shown in Fig. 2 , and no obvious difference can be observed. In order to observe the distinctions between them, a moving interface problem is attempted to be simulated in the next section. confirms the similarity in Fig. 4 . Figure 5 shows the distributions of the dynamic pressure at different times, and the difference in the vicinity of the interface is more obvious. Figures   6 to 8 show the bubble velocity and the normalized velocity differences between the two LBE models. It can be seen from Figs. 6 and 7, the horizontal and vertical velocity components are nearly identical, but from Fig. 8 , we can observe some the normalized velocity differences with maximum magnitude of order 10 −2 . Based on the above observations, we can conclude that the predictions by the two LBE models yield almost the same results for this test case.
According to the previous theoretical analysis, these phenomena are reasonable since the initial equilibrium order parameter yields the approximate uniform chemical potential so that the term γφ∇ · (λ∇µ) exerts a weak influence on the results. 
D. Phase separation
In this subsection, the simulation of phase separation will be carried out to further compare the two LBE models. Initially, the order parameter with a small perturbation is set as Periodic boundary conditions are applied to the all boundaries.
Figures 9 to 15 depict the density, dynamic pressure and velocity of the mixture with various dimensionless parameters γ, P e and Cn. Firstly, we investigate the effect of γ as shown in Figs. 9 to 13. As γ = 1 (see Figs. 9 to 12 ), in the transient period, the density, pressure and velocity fields predicted by the two models are quite different. In the steady state, although the density fields appears to be similar, the dynamic pressure and velocities are remarkably distinct. As γ = 4 (see Fig. 13 ), the density fields predicted by the two LBE models are opposite in the steady state, and the phase separation predicted by the present LBE model occurs earlier than that by the incompressible model. By comparing the Figs.
9 and 13, it can also be found that the density field from the present model varies with γ while that from the incompressible model does not. Then we further consider the effect of Peclet number. As P e increases to 200 (see Fig. 14) , it can be found the phase separation processes predicted by the two LBE models are both slowed down, but the distributions of the density fields are in opposite in the steady state. The effect of Cn on the phase separation process is also investigated. As shown in Fig. 15 , when the Cn is increased from 4 to 8, the density fields change greatly. In the transient period (t = 10 4 to 9 × 10 4 ), the results predicted by the two LBE models present similar configurations; while in the steady state, some strips with different angles of inclination appear in the density fields. The above phenomena completely exhibit the discrepancy between the two models when the chemical potential is nonuniformly distributed due to the non-equilibrium order parameter, and the discrepancy is deeply influenced by the dimensionless parameters γ, P e and Cn. should be more reliable.
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APPENDIX: CHAPMAN-ENSKOG ANALYSIS OF THE QUASI-INCOMPRESSIBLE LBE MODEL
In this section, the proposed LBE model for hydrodynamic equations is firstly analyzed by applying the Chapman-Enskog expansion
where ε is a small expansion parameter. Using the Taylor expansion in Eq. (22) , one can
where τ c = τ f δt, and D i = ∂ t + c i · ∇. 
O(ε 2 ) :
i .
Then, the substitution of Eq. (46) into (47) yields
i . (48) Meanwhile, from the definitions (24) and (43), it is easy to calculate the following moments: 
where 
Likewise, taking the zeroth-and first-order moments of Eq. (48), we can obtain 
where ν = c 
